INTRODUCTION
Rayleigh᎐Benard convection in the absence of magnetic field is one of Ž interesting and well studied problem of nonlinear pattern selection see w x w x w x. Chandrasekhar 1 , Koschmieder 2 , and Busse 3 . Most of the theoretical work on convection assumes Boussinesq approximation. The weakly w x w x nonlinear theory was developed by Gor'kov 4 , Malkus and Veronis 5 , w x and Schluter et al. 6 . The finite amplitude of instability was found to be Ž . 1 r 2 proportional to R y R , R being the Rayleigh number. This was C w x observed experimentally by Dubois and Berge 7 . Using only infinite layeŕ approximation, the weakly nonlinear theory predicts that rolls are the preferred pattern and gives nonunique supercritical wavelengths. Accordw x ing to the moderately nonlinear theory of Busse 3 , using the Galerkin method, two dimensional rolls are stable in only a part of the range given by the neutral curve of linear theory.
The problem of convection in an incompressible magnetically polarizable fluid in the presence of magnetic field and temperature gradient has w x generated a lot of interest in recent years 8᎐16 . Convective instability of magnetic fluid is important in regenerative magnetocaloric energy conver-w x sion. Neuringer and Rosensweig 8 studied fluid dynamics and heat w x transfer processes in magnetic fluids. Gotoh and Yamada 10 discussed w x thermal convection in a horizontal layer of magnetic fluid. Finlayson 11 examined the onset of convection in a horizontal layer of magnetic fluid heated from below in the presence of vertical magnetic field using the w x Galerkin method. Kikura et al. 12 investigated the effect of magnetic field on the transient temperature distributions and the local and averaged Nusselt numbers in natural convection in a magnetic fluid in a cubic w x container. Russell et al. 13 calculated the heat transfer in strongly magnetized ferrofluid heated from above.
Most of the work on convection is confined to the use of perturbation theory. This theory gives many interesting results as summarized by w x w x Koschmieder 2 . It was predicted by Golubitsky et al. 15 that the perturbation theory fails to take advantage of various symmetries of the problem and one is not sure which solutions are consequences of the symmetries and hence which class of the problem will exhibit same dynamics. Moreover perturbation theory does not justify the neglect of higher order terms in the analysis. The main theme is to what order must an expansion be taken if the addition of higher order terms is not to change any qualitative aspects of the dynamics. At the onset of convection, the original translational and rotational symmetries of static infinite fluid layer get broken, resulting in the appearance of various patterns. Symmetry breaking bifurcation theory is needed to find the stability of these patterns.
Magnetization of a magnetic fluid depends upon temperature and the strength of the magnetic field, resulting in the magnetocaloric effect. When the magnetic parameter M M depending upon the magnetization of the fluid is changed uniformly, an instability sets in when M M exceeds the critical value M M , resulting in various patternsᎏrolls, squares, or hexagons.
C
The stability of these patterns is dependent upon the Rayleigh Number R, Prandtl number , and the parameter A A describing the basic magnetization of the fluid. Using equivariant bifurcation theory and group theoretic w x methods 16᎐19 , we theoretically discuss the stability of these patterns.
In Section 2, we formulate the nonlinear boundary value problem. The problem is presented as a bifurcation problem on a doubly periodic lattice in the plane that lies either on the square or on the hexagonal lattice. The linear analysis of the problem yields a critical value of M M and is given in Section 3. As M M is increased beyond the critical value, the conduction states loses its stability and the steady state bifurcation solution of the equation of motion results in pattern formation. In Section 4 we obtain nonlinear solutions for rolls, squares, and hexagons. The stability of steady state solutions is discussed in Section 5. Rolls have been found to be the only stable patterns in magnetic fluid convection. 
Ž .

0
We assume that the magnetization depends on the magnetic field H and temperature T. The magnetization function The equation for the energy is
Ž .
where C is the specific heat capacity at constant volume and magnetic
field and k is the thermal conductivity.
T
We assume that the fluid satisfies the Oberbeck᎐Boussinesq approximation
where and ␣ are the equilibrium density and the thermal coefficient, 0 T respectively. Ž We now introduce dimensionless parameters: Prandtl number s r . Ž . Ž . Equations 1 ᎐ 7 governing the departures of temperature, magnetic field, and pressure from their equilibrium values are
Ž . The boundary conditions at the two horizontal boundaries are
Ž . Ž . From Eqs. 3 and 4 we obtain
The normal component of magnetic induction and the tangential component of the magnetic field are continuous across the boundaries. The magnetic boundary conditions are ѨrѨ z s 0 at zs0, 1. 14 Ž .
The basic equations governing the problem along with the boundary Ž . Ž . Ž . conditions 8 ᎐ 14 are equivalent under the Euclidean group E 2 and also with respect to the reflection in the midplane:
Translation of plane:
Rotation of the plane:
Reflection in the midplane:
Ž . Thus, the symmetry group of the problem is E 2 = Z . 
x y Ž . is the wave vector. The neutral stability curve Fig. 1 has a minimum at Ž k s k which has been found numerically and is shown in the graph 
. It is interesting to note that the critical value of the magnetic parame-ŽŽ 2 ter M M decreases with increases in parameter A A: For
The critical value of the magnetic parameter M M is independent of the Ž . Prandtl number . We further observe from the stability diagram Fig. 1 that the critical wave number decreases with increases in the parameters R or A A. For ordinary nonmagnetic fluids, M M s 0, the Rayleigh number R w x determines the onset of instability at its critical value 1 :
NONLINEAR THEORY
In this section we discuss the patterns arising out of steady state bifurcation. We assume here that the convection is induced mainly by magnetic force so that the stability of the fluid layer is characterized by the magnetic parameter M M. The bifurcation parameter is taken as a function 
4 n e : n , n g Z is the lattice generated by e , e . The translational symmetry of doubly periodic function w is identified with two tori T 2 s 2 Ž . R rL L and the rotational part of E 2 consists of discrete symmetries D 4 for square lattices and D for hexagonal lattices. Z denotes reflection in 6 2 the midplane of the layer. Thus, the squares pattern lies on the square lattice with symmetry group
while the hexagonal pattern lies on the hexagonal lattice symmetry group
Ž . 
The various operators L and N and the steady state equations for u,¨, i i T , and H are defined in the Appendix. In order to obtain the bifurcation solutions of these equations in the vicinity of M M , along with boundary C conditions, we expand the various perturbed physical quantities in terms of a perturbation series in the pattern amplitude A :
C
Similar expressions also exist for rolls and hexagons. Now proceeding to Ž . second order, Eq. 25 yields 
Ž .
Here M M is the coefficient of the linear term in the expansion 27 for . 1 With a view to obtain the uniformly valid solutions, we require that the solutions w of this equation must be spatially periodic. This condition 2 
implies that all terms on the RHS of Eq. 32 lying in the kernel of L 0 Ž w x. Ž . must vanish see 9 . Since none of the nonlinear terms in 32 lies in the kernel of L , therefore we require that the various coefficients appearing 0 Ž . in Eq. 32 should satisfy
The condition yield R w R s 0, 34
where f x, y s exp ik x q y q exp ik x y y q c.c. 36
Ž . g x, y s exp i 2exp i q 2 q exp i y q c.c., Ž .
Ž . The corresponding second order solutions of Eqs. A7 ᎐ A10 for cases of rolls, square, and hexagons are
Ž . Here M M is the coefficient of first order term in the expansion 27 for 2 . Substituting the linear solutions and second order solutions into Eq. Ž . 30 , as in the case of second order, the solvability conditions determine M M for rolls, squares, and hexagons: Ž .
The stability of the square lattice is determined by considering the normal Ž . Ž . amplitude of the nonlinear surface wave and will be obtained in the w x subsequent discussion. Following 14 , the finite dimensional normal form Ž . for vector field associated with Eq. 51 is
where s sgn p , s sgn q, m s p r¬ q ¬ , and the subscripts denote 0 1 n the partial derivative with respect to that variable. Ž . Ž . Ž . Nontrivial solutions to 52 correspond to rolls R and squares S :
Ž . Ž . The various coefficients appearing in 52 are calculated for the fixed point space of solutions involving the rolls and squares. To achieve this we Ž . make use of the Taylor series expansion of 51 confined to the fixed point solutions only. On neglecting the higher order terms involving , , A ,
R S R
and A and after some algebra, we obtain
Ž . The degeneracies in vector fields 51 occur when
Ž . Ž . Ž . On using Eqs. 53 ᎐ 56 in 52 , we obtain
Ž . ⌫ acts irreducibly on this subspace. We conclude that only rolls are found to be stable on both the square lattice and the hexagon lattice whenever they bifurcate supercritically.
APPENDIX
The various operators are 
